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We revisit the idea of generating primordial anisotropies at the end of inflation in models of
inflation with gauge fields. To be specific we consider the charged hybrid inflation model where the
waterfall field is charged under a U(1) gauge field so the surface of end of inflation is controlled
both by inflaton and the gauge fields. Using δN formalism properly we find that the anisotropies
generated at the end of inflation from the gauge field fluctuations are exponentially suppressed on
cosmological scales. This is because the gauge field evolves exponentially during inflation while in
order to generate appreciable anisotropies at the end of inflation the spectator gauge field has to be
frozen. We argue that this is a generic feature, that is, one can not generate observable anisotropies
at the end of inflation within an FRW background.
PACS numbers:
I. INTRODUCTION
Primordial anisotropies captured considerable interests during past few years both observationally and theoretically.
On the observational side there may be some indications of statistical anisotropies on cosmic microwave background
(CMB) [1] although the statistical significances of these findings are under debate [2–4]. Motivated by these obser-
vations, there have been many attempts in the literature to generate primordial anisotropies during inflation. These
models of inflation [5–18] usually require a gauge field or a vector field to seed the anisotropies at the order of few
percent which may be detectable on CMB [19], [20], [21–23].
Models based on vector field suffer from ghost instability [24] which makes the system unstable and physically
unacceptable. Therefore, it is crucial that the vector field is protected by a gauge symmetry so the longitudinal mode
of the vector field excitations is not physical. On the other hand, because of the conformal invariance, the anisotropies
generated during inflation from the quantum fluctuations of gauge field do not survive and are quickly damped on large
scales by the end of inflation. Therefore it is essential that one breaks the conformal invariance while keeping the gauge
symmetry explicit. This approach was employed in different contexts in [25–29]. If one chooses the conformal factor in
gauge kinetic term appropriately, the system can show an attractor mechanism where the gauge field energy density
becomes a sub-dominant but non-negligible component of total energy density [30–36]. The amount of anisotropies
generated are typically at the order of slow-roll parameters which can have important cosmological consequences. In
these models where the generation of anisotropies is an attractor behavior of the system, the background explicitly
breaks rotational invariance and instead of an FRW background one may have Bianchi I universe. As a result, the
appearance of anisotropic fluctuations are a natural outcome of the system [37–40].
An interesting observation is made by Yokoyama and Soda [20] where primordial anisotropies may be generated
at the end of inflation while the background is still an FRW universe. The motivation is based on Lyth mechanism
of generating curvature perturbations at the end of inflation [41]. In Lyth formalism, the surface of end of inflation
is controlled by a light scalar field, other than inflaton field, which can produce inhomogeneities at the end of
inflation. For this mechanism to work, the additional scalar field has to be very light and scale invariant so it is
frozen throughout inflation. With this motivation, Yokoyama and Soda considered a model where the surface of end
of inflation is controlled by the U(1) gauge field Aµ. As an specific model, the end of inflation can be as in hybrid
inflation where now the waterfall field is gauged under Aµ. It is argued in [20] that the quantum fluctuations of Aµ
at the end of inflation can generate statistical anisotropies which can be observable. However, we shall show in this
work that the requirement that the additional spectator field to be frozen throughout inflation do not apply for the
gauge field. As a result, the anisotropies generated at the end of inflation are hugely suppressed due to conformal
invariance. In other words, we show that one can not generate statistical anisotropies at the end of inflation from an
FRW background. In order to generate appreciable anisotropies, one has to start with a background, like Bianchi I,
where the rotational invariance is explicitly broken.
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2The rest of paper is organized as follows. In section II we review the charged hybrid inflation model. In section III
we perform the δN formalism to calculate the curvature perturbations generated from the surface of end of inflation.
The summary and discussions are in section IV. We relegate the technical details of δN formalism into Appendix A.
II. CHARGED HYBRID INFLATION
In this section we study charged hybrid inflation model in some details which serves as a set up to study anisotropies
generated at the end of inflation as in Yokoyama and Soda studies. The model is based on the action [31]
S =
∫
d4x
√−g
[
M2P
2
R− 1
2
∂µφ
µφ− 1
2
DµψD
µψ¯ − f
2(φ)
4
FµνF
µν − V (φ, ψ, ψ¯)
]
. (1)
where φ is the inflaton field while ψ is the complex waterfall field. The covariant derivative is defined via
Dµψ = ∂µψ + ieψAµ (2)
where e is the dimensionless gauge coupling of Aµ to ψ. As usual, the gauge field strength is given by
Fµν = ∇µAν −∇νAµ = ∂µAν − ∂νAµ . (3)
As mentioned in the introduction the conformal factor f(φ) with an appropriate form is added in order to break the
conformal invariance so the gauge field energy density and its quantum fluctuations do not dilute during inflation.
We are interested in configurations where the potential is axially symmetric and V (ψ, ψ¯, φ) = V (χ, φ) where
ψ(x) = χ(x) eiθ(x). The potential is as in standard hybrid inflation [42]
V (φ, χ) =
λ
4
(
χ2 − M
2
λ
)2
+
g2
2
φ2χ2 +
m2
2
φ2 . (4)
In general in the presence of background gauge field, the system will lose the rotation invariance. In particular, we
can take the background gauge field to have the form Aµ = (0, A(t), 0, 0) and the background will be Bianchi type I
universe. If the conformal coupling f(φ) is chosen appropriately, the system reaches an attractor mechanism in which
the gauge field energy density becomes sub-leading but nonetheless non-negligible compared to total energy [30]. As
demonstrated in [31] the background anisotropies are at the level of slow-roll parameters. In principle one has to
consider the cosmological perturbation analysis where the background is not an FRW universe. The cosmological
perturbations analysis were performed explicitly in [37–39] for the chaotic model studied in [30]. We shall come
back to detailed cosmological perturbations analysis in the charged hybrid inflation model with Bianchi I background
elsewhere. Instead, here we follow the logic in [20] where the background gauge field does not destroy the rotational
invariance so inflation proceeds as in standard FRW background. Our aim is to see whether or not one can generate
statistical anisotropies at the end of inflation from the gauge field quantum fluctuations.
The details of background fields equation in Bianchi I background were studied in [31]. Here we borrow only the
important results. At the background level, we start with the FRW metric which has the following form
ds2 = −dt2 + a(t)2dx2 . (5)
The total energy density in the slow-roll limit where the kinetic energies of φ and χ are negligible is obtained to be
E = V (φ, χ) + e−2N(t)
(
1
2
f2(φ)A˙2 +
e
2χ2
2
A2
)
, (6)
where N(t) is the number of e-foldings defined as dN = Hdt with H = a˙/a to be the Hubble expansion rate during
inflation. As can be seen from Eq. (6) the gauge field has two contributions in total energy density, from its kinetic
energy and from its contribution to potential energy with the coupling e2χ2. It is this latter contribution which is
essential for our studies below.
The interesting new effect is that the gauge coupling e induces a new time-dependent mass term for the waterfall
field in the form e2e−2NA2 χ2. As in standard hybrid inflation [42, 43] we work in the vacuum dominated regime where
the waterfall field is very heavy during inflation so χ quickly settles down to its instantaneous minimum χ = 0 during
inflation. In standard hybrid inflation models, inflation ends when inflaton field reaches a critical value, φ = φc ≡ Mg ,
where the waterfall field becomes tachyonic and rolls down very quickly to its global minimum ψ = µ ≡M/√λ, φ = 0
3ending inflation very efficiently. In the current model due to coupling of gauge field to waterfall field, the surface of
end of inflation is modified. Calculating the effective mass of waterfall we have
∂2V
∂χ2
|χ=0 = g2(φ2 − φ2c) + e2e−2NA2 . (7)
In the absence of the gauge field, the onset of waterfall instability is when φ = φc. However, in the presence of gauge
field the time of waterfall transition is modified.
The condition of waterfall phase transition, Eq. (7), can be rewritten as
φˆ2 +
e
2
g2
Aˆ2 = 1 (8)
where we have defined the dimensionless fields
φˆ ≡ φ
φc
, Aˆ ≡ A
φc
. (9)
In this notation, in the absence of gauge field the waterfall phase transition happens at φˆ = 1.
Note that we have chosen the convention that the time of end of inflation corresponds to N ≡ Nf = 0 and count
the number of e-foldings backward. In order to solve the flatness and the horizon problem we require inflation lasts
for at least 60 e-foldings so at the start of inflation N ≡ Ni ≃ −60.
As mentioned above, we assume the waterfall field is very heavy during inflation and the potential driving inflation
is
V ≃ M
4
4λ
+
1
2
m2φ2 . (10)
In order for the inflaton field to be light during inflation so the slow-roll conditions are met we need pc ≫ 1 where pc
is defined via
pc ≡ M
4
2λm2M2P
. (11)
Furthermore, the assumption that the waterfall field is very heavy during inflation requires λM2P /M
2 ≫ 1. Also,
the condition of vacuum domination during inflation is met if λ/g2 ≪ M2/m2. Finally, we work in the limit where
the waterfall phase transition is very sharp so inflation ends abruptly in less than an e-fold. For this to happen one
requires that λM2P /M
2 ≫ pc [44].
Considering the vacuum dominated potential and assuming the gauge field has no appreciable contribution to
energy density the inflaton dynamics is
φ′ +
2φ
pc
= 0→ φ ≃ φfe−2N/pc , (12)
where φf is the final value of the inflaton field and here and below, a prime indicates the derivative with respect to
number of e-fold. Alternatively, the number of e-foldings can be written as
N(φ) ≃ −pc
2
ln
(
φ
φf
)
. (13)
As mentioned before, we count N backwards so we normalize N such that at the end of inflation N = Nf = 0 while
at the start of inflation where φ = φi, we have N = Ni ≃ −60.
In order to ensure the background is and FRW universe, the gauge field energy density should be very small.
During inflation when χ = 0 the third term in Eq. (6) basically vanishes. Therefore, in order to keep the background
isotropic, we have to make sure the gauge field kinetic energy is always sub-leading during inflation. This is basically
controlled by the form of conformal factor f(φ). It is useful to define the dimensionless coupling R which measures
the fraction of energy stored in gauge field kinetic energy
R ≡ A˙
2f(φ)2e−2N
2V
. (14)
4One can easily check from the gauge field equation that [31](
f(φ)2eNA′
)′
= 0 (15)
so A′ ∼ e−Nf(φ)−2. Consequently, R scales like R ∼ f(φ)−2e−4N ∼ f(φ)−2φ2pc . Therefore with the conformal factor
in the form f(φ) = φˆp with p > pc, the gauge field energy density reaches the attractor mechanism and sometime
during inflation R becomes comparable to the slow-roll parameters. However, for p < pc the gauge field energy density
is diluted due to conformal invariance. The special case p = pc is interesting in which R remains fixed and as we shall
see below the modified gauge field δB ≡ fδA becomes scale invariant. Therefore, we consider the case where p = pc
and
f(φ) ∝ φpc ∝ e−2N ∝ a−2 . (16)
To fix the overall numerical normalization of f(φ) we note that f(φ)−1 measures the effective perturbative gauge
kinetic coupling so in order to keep the gauge theory under perturbative control we require that f(φ) is large. We
assume that during inflation f(φ) is exponentially large so the gauge theory is perturbatively under control. As
inflation proceeds f(φ) decreases exponentially as can be seen from Eq. (16). It should be such that towards the end
of inflation, f(φ) reaches its final value f(φf ) & 1 so the the gauge theory is still perturbatively under control. For
future reference, we note that
f(φ) = f(φf )e
−2N . (17)
With gauge kinetic coupling given by Eq. (16), the gauge field equation (15) can be solved easily and
Aˆ = Aˆf + κ
(
e3N − 1) , (18)
where κ is a constant of integration and Aˆf is the value of the gauge field at the end of inflation. Alternatively, one
can find the number of e-foldings in terms of the gauge field via
N =
1
3
ln
(
Aˆ− Aˆf + κ
κ
)
. (19)
From Eq. (18) we find that the gauge field is essentially negligible at the start of inflation, Ni ≃ −60, and grows
exponentially towards the end of inflation where it approaches Aˆf ≃ κ. The exponential growth of the gauge field
towards the end of inflation is the key factor in our discussion below in determining the anisotropies induced at the
end of inflation. However, there is a bound on how large A can be at the end of inflation. From Eq. (8) we see that
(e/g)Aˆf < 1 in order to terminate inflation. Taking Aˆf ≃ κ, this in turn yields κ < g/e.
In order to make sure that the exponential growth of the gauge field does not destroy the isotropic FRW background,
we have to impose the condition that the gauge field fraction of energy, R defined in Eq. (14), is smaller than the
slow roll parameter ǫ =
M2P
2 (
V,φ
V )
2. As shown in [31], if the gauge field energy density increases such that R ∼ ǫ,
then the system reaches the attractor regime where the background is a Bianchi I universe and one can not neglect
the anisotropies in fields equations, mainly the back-reaction of gauge field on inflaton dynamics. In order to prevent
this from happening so our background is an FRW universe all the way till end of inflation, we have to impose the
condition R < ǫ. This in turn yields
κf(φf ) <
√
4
3
φi
pcφc
(20)
As an order of magnitude estimate, with φi ∼ φc and f(φf ) ∼ 1, one conclude that κ < 1/pc.
To calculate the power spectrum and bispectrum we use the powerful δN formalism [45–47]. Our goal is to calculate
δN(φˆ, Aˆ) analytically to second order in terms of δφˆ and δAˆ. In [20] they employed the mechanism in [41] where it
was assumed that there are two different contributions in δN . The first one comes from the evolution of the inflaton
field during the inflation and the second one originates from the fluctuations of gauge field at the end of inflation. In
order to use Lyth mechanism directly, the additional field other than inflaton (in our case the gauge field Aµ) should
be very light and scale invariant. As mentioned before, it is the re-scaled gauge field perturbations δB = fδA which
is scale invariant. On the other hand, it is the gauge field A and not the re-scaled field B which appears in Eq. (8)
governing the surface of end of inflation. As a result, it is not clear if one can use the mechanism in [41] automatically
for the case at hand. In order to prevent any confusion, we calculate δN directly from first principle. Our method is
similar to multi-brid analysis employed by Sasaki and Sasaki-Naruko in [48, 49], see also [50].
5Now we return to the surface of the end of inflation given by Eq. (8). As in the [48, 49], it is convenient to introduce
the angle γ such that
φˆf = cos γ , Aˆf =
g
e
sin γ . (21)
Our goal is to calculate δN as a function of δφ and δA up to second order, taking into account the fluctuation
δγ generated at the surface of end of inflation. We relegate the details of the analysis to Appendix A. Calculating
δN(φˆ, Aˆ) up to second order we have
− 2
pc
δN(φˆ, Aˆ) = A δφˆ
φˆ
+N δAˆ+ I
(
δφˆ
φˆ
)2
+ S
(
δAˆ
)2
+ T
(
δφˆ
φˆ
δAˆ
)
(22)
where
A ≡
(
g cos γ
3κe
e−3N
Y
)
N ≡
(
tan γ
3κ
e−3N
Y
)
I ≡
(
p2cg
24eκ
(
1 + 4 sin2 γ
cos γ
)
e−3N
Y 3
+
pcg
2
12e2κ2
sin 2γ(
1
3
− pc
4
)
e−6N
Y 3
− g
3
54e3κ3
cos3 γ
e−9N
Y 3
)
S ≡
(
− p
2
c
24κ2
tan3 γ
e−6N
Y 3
+
g
54eκ3
(
1 + sin2 γ
cos γ
)
e−9N
Y 3
)
T ≡
(
pcg
6eκ2
[
((13 − pc2 ) sin2 γ + 13 )
cos γ
]
e−6N
Y 3
)
(23)
The parameter Y that appeared frequently in these formula is given by
Y ≡ g cos γ
3κe
e−3N − pc tan γ
2
(24)
III. POWER SPECTRUM AND BISPECTRUM
Now we compute the curvature perturbation Pζ(k) and the magnitude of non-Gaussianity parameter fNL in our
model.
A. Power Spectrum
As usual we assume that the scalar field fluctuations in Fourier space, δφk, are Gaussian with the dispersion relation
〈δφkδφk′ 〉 ≡ (2π)3Pδφ(k) δ3(k + k′) , Pδφ ≡ k
3
2π2
Pδφ(k) (25)
So the power spectrum of φˆ = φ/φc is
Pδφˆ =
(
H
2πφc
)2∣∣∣∣∣
∗
δ3(k + k′) (26)
It is important to not that this is calculated at the time of horizon crossing, denoting by an ∗, when k = a∗H .
To find the power spectrum of the gauge field Aµ, we have to first look into its quantum fluctuations. Choosing
the Coulomb-radiation gauge where δA0 = ∇.A = 0 and defining the rescaled perturbations
δBk ≡ f(φ)δAk (27)
6the fluctuations of the gauge field is given by
δBk
′′ +
(
k2 − f
′′
f
)
δBk = 0 (28)
where the derivative here is with respect to the conformal time dτ = −dt/a(t). As advertised before, if we take p = pc
so f(φ) ∝ φˆpc ∝ a(τ)−2, then f ′′f = 2τ2 and the power spectrum of δBk is scale invariant. If we take p > pc, but still
such that R < ǫ and FRW is a good approximation to the background, then δB excitations will become mildly scale
dependent but it will not affect our main conclusion below. As a result, with p = pc, we have [20]
PδAˆ = f(φ)−2Pδφˆ . (29)
Note that this relation always hold during inflation. In particular, at the time of horizon crossing for the mode of
cosmological interest k = a∗H we have PδAˆ = f(φ∗)−2Pδφˆ ∼ e4NiPδφˆ. For Ni ≃ −60, one concludes that PδAˆ is
completely suppressed compared to Pδφˆ. As we shall see below, this is the key effect in suppressing the anisotropies
generated from the surface of end of inflation.
Having obtained the power spectrum of δφˆk and δBˆk we are able to calculate the power spectrum of the curvature
perturbation ζk. Using the δN prescription
ζ(x, t) = δN(φˆ, Aˆ) (30)
the power spectrum of ζk is obtained to be
Pζ =
(
pcA
2φˆ
)2
∗
Pδφˆ

1 + f(φ∗)−2
(
N φˆ
A
)2
∗


≡ P(0)ζ
[
1 +
∆Pζ
P(0)ζ
]
(31)
where P(0)ζ =
(
pcA
2φˆ
)2
∗
×
(
H
2piφc
)2
=
(
Hpc
2φ∗
)2
represents the curvature perturbations originated from the inflaton field
at the time of horizon crossing in the absence of gauge field when e = 0. It is crucial to note that all dynamical
quantities above are calculated at the time of horizon crossing when N∗ ≃ −60. Now we can look at the anisotropies
generated at the end of inflation which is encoded in the the second term in big bracket in Eq. (31). Specifically, we
have
∆Pζ
P(0)ζ
=
1
f(φ∗)2
(
e φˆ∗ sin γ
g (cos γ)2
)2
= e4N∗
(
e φˆ∗ sin γ
g f(φf )(cos γ)2
)2
, (32)
where in the last equation Eq. (17) has ben used. As mentioned earlier, to keep the gauge theory under perturbative
control we require f(φf ) & 1. For any reasonable values of e/g, γ, not exponentially different from unity, and with
φˆ∗ = φ∗/φc ∼ 1, we conclude that the induced anisotropy scales like e4N∗ ∼ e−240 and is completely suppressed on
cosmological scales. The situation is somewhat similar to the effects of waterfall quantum fluctuations in standard
hybrid inflation as studied recently in [44, 51] where it is found that the induced curvature perturbations from waterfall
quantum fluctuations scales like e3N∗ and is completely suppressed on cosmological scales.
Having this said, one may wonder why the results obtained here is drastically different from the results obtained in
[20]. As we commented earlier, the analysis in [20] relies on Lyth mechanism of generating curvature perturbation at
the end of inflation [41]. However, as we have seen, the basic assumptions to employ the mechanism in [41] are violated
here. In order to borrow the mechanism in [41] directly, the spectator gauge field should frozen during inflation. The
surface of end of inflation, given by Eq.(8), is controlled by the standard field Aµ. However, as we see from Eqs. (27)
and (28), it is the re-scaled field δB = fδA which plays the role of the light and scale invariant field so the roles of
δA and δB are mixed. Alternatively, we see from Eq. (18) that the gauge field A is evolving exponentially and it
obviously violates the requirement that A to be light, i.e. frozen, as required in [41].
B. Bispectrum
Here we would like to calculate the non-gaussianity parameter fNLin this model. As usual, the bispectrum is
defined via
〈ζkζk′ζk′′ 〉 ≡ (2π)3Bζ(k, k′, k′′)δ3(k + k′ + k′′) (33)
7Correspondingly, fNL is given by
6
5
fNL ≡ Bζ(k, k
′, k′′)
Pζ(k)Pζ(k′) + c.p.
. (34)
Since in our model the contribution of the scalar field in the power spectrum, P(0)ζ , is dominant we can approximate
the denominator above by the isotropic part of power spectrum. Our goal is to compare different contributions to
fNL mainly thorough their N∗ dependence.
At the tree level, there are three sources of non-Guassianity form the interactions A2Iδφ4, N 2SδA4 and
ANT δφ2δA2. Furthermore, there are four more sources of non-Gaussianities at the loop level which are suppressed
compared to tree level. Now compare different sources of non-Gaussianities at tree-level. Denoting the contributions
of these interactions in fNL by f
(φ)
NL, f
(A)
NL and f
(φ−A)
NL respectively, we have
f
(φ)
NL ≃
2
pc
, (35)
f
(A)
NL
f
(φ)
NL
∼ N
2S
A2I f(φ∗)
−4 ≃ e8N∗ , (36)
and
f
(φ−A)
NL
f
(φ)
NL
∼ NTAI f(φ∗)
−4 ≃ e7N∗ . (37)
As expected, the isotropic non-Gaussianity, f
(φ)
NL, is at the order of slow-roll parameter as in single field models of
inflation. Interestingly, with N∗ ≃ −60, we see that the anisotropic non-Gaussianities are completely suppressed
compared to f
(φ)
NL.
IV. SUMMARY AND DISCUSSIONS
In this work we have revisited the question of generating primordial anisotropies at the end of inflation. To be
specific we considered the charged hybrid inflation scenario where the waterfall field is charged under the U(1) gauge
field. Because of the interaction eA2χ2 the onset of waterfall instability is controlled both by gauge field and the
inflaton field. We worked in the limit of a very sharp waterfall phase transition so inflation ends abruptly after the
waterfall.
Calculating curvature perturbations carefully using δN formalism, following the methods in [48, 49], we have shown
that the anisotropies generated at the end of inflation, both in power spectrum and bispectrum, are exponentially
suppressed on cosmological scales. This is in contrast with the results obtained in [20]. The analysis in [20] relies on
Lyth mechanism [41] where a spectator field, field other than the inflaton field, controls the surface of end of inflation.
If this spectator field is very light, then it is frozen during inflation and its fluctuations at the end of inflation generate
inhomogeneities in δN . However, as we have shown, in order to keep the dynamics of gauge field relevant to affect
the surface of end of inflation, one has to add the conformal factor f(φ) ∼ e−2N such that the gauge field evolves
exponentially during inflation. This clearly violates the criteria that the gauge field to be frozen as required in [41].
Putting it another way, it is the fluctuation δB = fδA which is frozen and scale invariant after horizon exit, while
the surface of end of inflation is controlled by A. This mixes the roles of δA and δB and one can not borrow the
mechanism in [41] directly for the case at hand.
Performing δN analysis carefully, we have demonstrated that the induced anisotropies scale like e4N∗ where N∗ ≃
−60. We also showed that the anisotropies in fNL are even more suppressed. This clearly shows that there are no
anisotropies generated at the surface of end of inflation in this model where the background is an FRW universe.
Having this said, one may wonder how generic this conclusion is. We argue that this result is generic and does
not rely on the particular model of charged hybrid inflation which we studied here. The reason is that, in order to
keep the gauge field fluctuations to survive during inflation and affect the surface of end of inflation, one has to break
the conformal invariance by a time dependent gauge kinetic coupling. However, it is δB which is frozen and scale
invariant while the the background gauge field is exponentially increasing due to conformal factor. As a result the
spectrum of δA is exponentially suppressed at the time when cosmological scales leave the horizon. However, this
argument does not apply to models where the isotropy is explicitly broken at the background, such as in Bianchi I
universe, studied in [30–32]. In theses models, since the gauge field fluctuations are not suppressed at the time of
horizon crossing, one indeed expects to find non-negligible primordial anisotropies as explicitly studied in [37–39].
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Appendix A: Evaluation of δN for quadratic potentials
Here we provide the calculations resulting in Eq. (22) in some details. First of all, let us introduce the Taylor
expansion of a two-variable functional , F = F (Φ,Ψ(γ)). Setting δγ = δ1γ + δ2γ, where δ1γ and δ2γ are linear and
second order perturbations respectively, the perturbation of the F to second order is
∆F =
∂F
∂Φ
δΦ+
∂F
∂Ψ
(
∂Ψ
∂γ
(δ1γ + δ2γ) +
1
2
∂2Ψ
∂γ2
(δ1γ)
2
)
+
1
2
∂2F
∂Φ2
(δΦ)2 +
1
2
∂2F
∂Ψ2
(
∂Ψ
∂γ
)2
(δ1γ)
2
+
∂2F
∂Φ∂Ψ
∂Ψ
∂γ
(δΦδ1γ) (A1)
Now recall N as a function of fields given in Eq. (13) and Eq. (19),
N = −pc
2
ln
(
φˆ
φˆf
)
=
1
3
ln
(
Aˆ− Aˆf + κ
κ
)
, (A2)
in which φˆf and Aˆf are parameterized in terms of γ as in Eq. (21),
φˆf = cos γ , Aˆf =
g
e
sin γ . (A3)
Then, one can calculate δN either from the left or right hand side of the Eq. (A2) to second order
δN = −pc
2

δφˆ
φˆ
− 1
2
(
δφˆ
φˆ
)2
+ tan γ(δ1γ + δ2γ) +
1
2 cos2 γ
(δ1γ)
2


=
e−3N
3κ
δAˆ− e
−6N
6κ2
(δAˆ)2 − g cos γ
3eκ
e−3N (δ1γ + δ2γ)
+
(
g sin γ
6eκ
e−3N − g
2 cos2 γ
6e2κ2
e−6N
)
(δ1γ)
2 +
g cos γ
3eκ2
e−6N (δ1γδAˆ)
(A4)
The linear part of the above equation determines δ1γ. We find
δ1γ =
(
pc
2
δφˆ
φˆ
+
e−3N
3κ
δAˆ
)/(g cos γ
3eκ
e−3N − pc
2
tan γ
)
(A5)
Then collecting the second order terms in Eq. (A4) ,we find
δ2γ =

a
(
δφˆ
φˆ
)2
+ b
(
δAˆ
)2
+ c
(
δφˆ
φˆ
δAˆ
)
 (A6)
9Where we have defined
Y ≡
(
g cos γ
3κe
e−3N − pc tan γ
2
)
a ≡ − pc
4Y 3
(
(
1
3
+
pc
2
)
g2 cos2 γ
3e2κ2
e−6N − pcg sin γ
2eκ
e−3N − (pc
2
)2
)
b ≡ e
−6N
6κ2Y 3
(
(
1
3
− pc
2
)(
pc tan
2 γ
2
) +
g sin γ
9eκ
e−3N +
pc
6
)
c ≡ pce
−3N
3κY 3
(
(
1
3
− pc
2
)(
g sin γ
2eκ
)e−3N +
pc
4 cos2 γ
)
(A7)
Now by substituting Eqs. (A5) and (A6) into Eq. (A4), it is straightforward to calculate δN
− 2
pc
δN(φˆ, Aˆ) = A δφˆ
φˆ
+N δAˆ+ I
(
δφˆ
φˆ
)2
+ S
(
δAˆ
)2
+ T
(
δφˆ
φˆ
δAˆ
)
(A8)
where we have defined
A ≡
(
g cos γ
3κe
e−3N
Y
)
N ≡
(
tan γ
3κ
e−3N
Y
)
I ≡
(
p2cg
24eκ
(
1 + 4 sin2 γ
cos γ
)
e−3N
Y 3
+
pcg
2
12e2κ2
sin 2γ(
1
3
− pc
4
)
e−6N
Y 3
− g
3
54e3κ3
cos3 γ
e−9N
Y 3
)
S ≡
(
− p
2
c
24κ2
tan3 γ
e−6N
Y 3
+
g
54eκ3
(
1 + sin2 γ
cos γ
)
e−9N
Y 3
)
T ≡
(
pcg
6eκ2
[
((13 − pc2 ) sin2 γ + 13 )
cos γ
]
e−6N
Y 3
)
.
(A9)
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